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1 DMotivation

Several problems in formal methods—Boolean functional synthesis [I], QBF,
DQBF—ask for Boolean functions satisfying a propositional specification. Iden-
tifying implicitly defined variables and computing their explicit definitions can
simplify these problems, and sometimes solve them outright.

By Beth’s theorem [3], the explicit definition of a defined variable y in ¢
in terms of X is a Craig interpolant of ¢ A y A ¢’ A —y’, where ¢’ renames
every variable of ¢ outside X. A SAT solver produces a resolution refutation
of this formula, from which an interpolation system [4] reads off the definition.
This pipeline has been used effectively in preprocessing [52], but it requires a
separate SAT call per defined variable, and on instances with many definitions
these calls dominate the running time.

We propose an alternative that obtains all n definitions from a single SAT
call: the solver refutes a propositional formula expressing joint implicit defin-
ability of the n targets, and a partial assignment recovers the formula for any
individual target. We modify an interpolation system to compute an interpolant
under such a partial assignment, and use this generalisation to extract all n
definitions from the refutation in a single pass, in time and circuit size O(nm).
Experiments on Boolean functional synthesis benchmarks indicate that the bot-
tleneck shifts from SAT solving to circuit size.

2 Joint Definability and Interpolation

Let ¢ = o(X,Y,Z) with Y = {y1,...,yn}. Each y; is defined by X in ¢ iff

(X, Y, Z2)Np(X,Y', Z') NN, ((yZ VyiVe) A (=g V -yl v ei)) AV, —e;

A B el

is unsatisfiable. The encoding of definability for an individual y; is recovered
under the partial assignment o; = {y;, ~y;, —e; } U{e; : j # i}: group A simplifies
to o Ay, B to ¢’ A—yl, and all clauses in G are satisfied.
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Fig. 1. SINGLE-PROOF vs. PER-VARIABLE on 594 Boolean functional synthesis instances,
300s timeout. Left: wall-clock time. Right: AIG sizes of the multi-output definition
circuit on the 366 instances solved by both that have > 1 defined variable. Both axes
logarithmic; dotted lines mark the timeout.

Interpolation under a partial assignment. Let A A B A G be unsatisfiable, and
let o be a partial assignment with dom(o) N wvar(A) Nwvar(B) =0 and o = G.
Then A A oa A B A op is unsatisfiable, where 05 = 0|,4r(s), and there is a
Craig interpolant of (A A ca, B Aog) over var(A) Nwvar(B). We compute one
from a resolution refutation of A A B A G by annotating each clause C' with a
partial interpolant itp(C) that may be undefined (o). For A- and B-leaves we
follow McMillan’s system []: itp(C) = \/{¢ € C : var(¢) € var(A) N var(B)}
for C € A, and itp(C) = T for C € B. For G-leaves we introduce a new rule,
itp(C) = . For a resolvent C on pivot p with premises C; 3 p, Co 3 —p:

1. if itp(C1) = e, inherit itp(Cs) (symmetrically);

2. else if p € dom(o), take itp(Cy) when o(p) = T and itp(C1) when o(p) = L;

3. otherwise apply McMillan’s rule: itp(C1) V itp(C2) if p € var(A) \ var(B),
else itp(Cy) N itp(Cy).

Since G is satisfiable, every refutation uses at least one AU B clause, and inher-
itance propagates definedness, so itp(L) # e. An induction on the proof DAG
shows that itp(L) is a Craig interpolant of (AA o4, BAop).

Extracting all n definitions. Each clause carries a vector (itpq,...,itp,,), with
itp, updated by the rules above instantiated at o;. By the above, itp,(L) is an
explicit definition of y; in terms of X. The traversal is single-pass with running
time and output size O(nm).
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3 Implementation and Experiments

We implemented the algorithm in C++ using CADICAL for proof generation
and ABC for And-Inverter Graphs (AIGs). A naive realisation maintaining n
independent labels per clause is not viable. Two observations make this efficient.
First, at almost every resolution step the rule for itp, does not depend on i:
the only pivots assigned by some o; are y;, yg-, e;; at any other pivot the whole
vector evolves identically, and at an assigned pivot at most one target deviates.
We therefore store each clause as a shared label plus a small set of per-target
overrides. Second, a backward pass marks and skips labels whose value is never
read at the empty clause. We call this implementation SINGLE-PROOF.

We compare against a PER-VARIABLE baseline using incremental SAT that
adds each defined variable to the shared-variable set of the next call. On a stan-
dard Boolean functional synthesis benchmark of 594 instances [I], with a 300s
timeout and 8 GB memory, PER-VARIABLE solved 568 instances and SINGLE-
PROOF solved 551 (a strict subset); medians on the 551 common solves are 1.7x
in wall-clock time and 2.2x in circuit size for SINGLE-PROOF (Fig. [1)). To see
what the best possible definition extraction from the joint proof could achieve,
we re-ran both tools in proof-only mode (no circuit construction). SINGLE-PROOF
then solved 579 instances and PER-VARIABLE 568, with a median time ratio of
0.74x on the 568 common solves. The joint refutation is therefore produced at
least as quickly as the per-variable sequence and the gap in Fig. [1|is attributable
to interpolation, not SAT solving.

4 Discussion

The bottleneck is in the circuit construction, not the SAT calls. Improving on the
O(nm) bound, to O(mlogm +n) or even O(m +n), is the main open challenge.
A caveat is that PER-VARIABLE interleaves detection with extraction in a single
SAT call, while SINGLE-PROOF has a separate detection stage. Accounting for it
would shift the comparison slightly in favour of PER-VARIABLE. Identifying the
implicitly defined subset of outputs is itself an interesting question.
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