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Abstract. Inductive program synthesis algorithms search a space of
programs to find one that meets some specification. Enumerating ac-
cording to the syntax of a programming language leads to a large search
space, and hence slow synthesis, due in large part to semantic duplication.
A synthesiser may have to evaluate—and reject—multiple semantically
identical but syntactically different programs, wasting resources.

To avoid this duplication, we present NSYNC, a synthesis-by-semantics
approach. By enumerating the semantics of the target language directly,
we guarantee that each candidate program is semantically unique and
that each evaluation of a candidate is meaningful. Specifically, we search
the space of normal forms for the simply-typed lambda calculus with
sums using a top-down, type-directed synthesis algorithm. Our prelimi-
nary results show a geomean speedup of 8.93x on a synthetic benchmark
suite over the unrestricted algorithm.

Introduction. Program synthesis is the task of taking a program speci-
fication to a concrete program that meets it. Deductive approaches (e.g. [6])
are limited in what programs they can produce, so search-based approaches like
Counter-Example Guided Inductive Synthesis [8] are more common for modern
program synthesis [3]. These search-based approaches search over syntaz. That
is, if the syntax of the target language includes the production rule for Booleans
Bool == True | False | a | b|Bool & Bool | =Bool, then a naive synthesiser will
consider the syntactically distinct terms a & b, b& a, a & (b& True), - (—(a & b)),
and so on to be distinct "guesses" for a target program of type Bool. Of course,
all of these programs are semantically identical, but a synthesiser might have to
consider each of them individually to be able to discount them all.

Many synthesisers take steps to reduce the impact of semantic duplication.
The standard formulation of bottom-up enumeration [9] removes observation-
ally equivalent programs from its pool at each step, preventing duplicates from
surviving for more than one iteration and avoiding construction of terms like
a & (b & True)—but not, say, a & b and b & a. In Semantics-Guided Synthesis
[5], semantics are provided to the solver as a logical specification, making the
process of ruling out duplicates easier but leaving them in the search space.

Our Approach. To fully eliminate semantic duplication, an algorithm
would search the space of semantics, rather than syntax. We propose leveraging
Normalisation by Evaluation, which constructs unique normal forms for seman-
tic fragments of languages, to provide this search space. As a proof of concept,
we present NSYNC (Normalised Synthesis of Computation), which synthesises
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terms of the simply-typed lambda calculus with sums (STLC+) restricted to
unique normal forms based on Balat et al. [4]. NSYNC uses the same top-down,
type-directed framework as MYTH [7].

STLC+ is a simple but powerful language fragment with a lot of semantic
redundancy. It extends STLC, which has anonymous functions, with pairs, a
unit type 1 with sole value (), and sum types 7 + 72 equipped with left and right
injections inzﬁ”t and inEJrth and match terms 6(¢, x1.t1, z2.t2) analogous to

match t with t is the scrutinee
inypx; = ) where t1 is the left branch, binding
inpxy = 1o to is the right branch, binding zs.

We can express Boolean logic using STLC+: type Bool £ 1 + 1, and terms
True £ inB°°(), False £ inB°l(), if tthent; elsety = §(¢, x1.t1, Ta.t2), and
a& b2 ifathenbelseFalse.

MyTH already eliminates some of the semantic duplication in STLC+ by
synthesising only [-normal, n-long forms—where every computation is fully
simplified and every term is expanded into its maximal structural form. This
allows MYTH to skip terms like if Truethen ..., but it doesn’t fully cover
the semantics of match terms, which induce several semantic duplicates like
ifathentelset=tora&b=0&a.

Balat et al. [4] account for both 8-n equivalences—as MYTH does—and the
strong sum extensionality axiom, which is responsible for equalities like above.
Their normal forms eliminate redundant branches like if a thent elset, and our
extension with an ordering on scrutinees chooses between, e.g., a & b and b & a,
giving unique normal forms (proof in Appendix . These normal forms define a
fragment of STLC+ with full expressibility and no semantic duplication, giving
an ideal search space for synthesis.

NSyNC, like MYTH, iteratively applies a set of synthesis rules. The derivation
of these rules is the core of our approach: a direct application of MYTH to STLC+
gets its rules directly from the language’s definition, whereas NSYNC draws them
from the rules on normal forms. One such rule, for synthesising match terms, is

[F;Tl +7’2], ~ov M
X;2{o-W/z] = v|o—ve X, Mo] —* in] T2 (v')}
Xo 2 {o-[W/za] = v|o—ve X, Mo] =* in T (v')}
Vie {1,2}. X; Z0N X, Ex[D, ;745 7),| (M C) | ~N N;

|21 ¢ FV(N)) Aws ¢ FV(Ny) = Ny # Ny
X Ex[I;7],[¢] ~»~ 0(M, x1.Ny, x2.N3)

which begins with producing a scrutinee M of sum type, then separates the ex-
ample set X accordingly to synthesise branches N; and N5. The boxes highlight
our divergence from MYTH: the constraints ¢ and M [ force scrutinees to ap-
pear in our chosen order, and the final precondition forces the two branches to
be distinct. We show how our other rules differ from MyYTH in Appendix [C.2}
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Fig. 1: Log-scaled cactus plot showing the number of benchmarks that could be
solved within time (left) and enumeration (right) constraints.

The NSYNC algorithm exhaustively applies the synthesis rules until a so-
lution emerges. To avoid non-termination in any subproblem, we impose size
limits on neutral terms—that is, scrutinees and terms of base type—and a limit
on the depth of match terms. The user inputs a search procedure over these
limits, gradually increasing them until NSYNC finds a satisfying term.

Theoretical Results. We show bounded correctness of NSYNC in Ap-
pendix [C:3] Specifically, we show bounded completeness: if the normal form of
a term ¢t does not have any branching argument—a function that branches on
its input and is given as an argument to a higher-order function—then NSYNC
can produce that normal form. Since MYTH has the same restriction, we have
that restricting to normal forms maintains solvability. We also show semantic
optimality: all of NSYNC’s candidate terms are semantically distinct.

Empirical Evaluation. We evaluate NSYNC on a set of 166 randomly-
generated synthetic benchmarks and see a geomean speedup of 8.93x. We com-
pare NSYNC with MYTH*, our re-implementation of MYTH. Figure shows7 for
each of the 104 benchmarks that both algorithms solved, the time taken and the
number of match terms enumerated by each algorithm. A further 37 benchmarks
were solved by MYTH* but not NSYNC, since enforcing an order on scrutinees
sometimes increases the number of branches in a program so that the example
set is unable to cover them; in future work, we aim to address this problem using
a parallel case split construction from Altenkirch et al. [2].

Future Work. After addressing this limitation, the next step is to bring
NSYNC from a proof of concept to a practical synthesis method. In particular,
we aim to extend our analysis to different language fragments that have normal
forms, such as STLC with lists [I], or fragments corresponding to universal alge-
bras [10]. We then want to explore general-purpose synthesisers as combinations
of these specialised, synthesis-by-semantics components.
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T = 0; base types t o= x variables
| 1 unit type | unit
| 7— 7 function types | AMzx:7).t abstraction
| 7x71  product types | tt application
| 7+7  sum types | (¢, 1) pairing
| mt first projection
Bool =1+1 | mat second projection
True = in7’* () | in]tTt left injection
False = inj" () | ing'"t right injection
|

if t thent; elsets = 0(t, x1.t1, z2.t2) 5(t, z.t, x.t) match term

Fig.2: Grammar for types (upper left) and terms (right) of STLC+, where @
ranges over some index set I of base types and x ranges over variables. We also
give syntactic sugar (lower left) for Boolean values.

A STLC+

The simply-typed lambda calculus with sums (STLC+) is the language over the
context-free grammar shown in Figure [2| §; denotes a base type, indexed by i. 1
is the unit type, containing only the value (). 71 — 72 are function types, with
Az : 71).t as the constructor and ¢; to as the application of t; to t3. 71 X 7o
are product types, constructed as (t1,t2) and destructed with 71 and 7o, which
take the first and second element of the pair respectively. 71 + 7o are sum types,
described in the main paper.

Most formulations of STLC+ (including Balat et al.’s [4]) also have an empty
type 0 which contains no values, with the semantics that finding a term of the
empty type is a contradiction from which any other type can be derived. By
building our types from the grammar in Figure [2] we can avoid any risk of this
contradiction arising.

This appendix gives the typing rules (Figure , operational semantics (Fig-
ure [4), and equational theory (Subappendix |A.1)) for STLC+.

We write I' - ¢ : 7 for the typing judgement, saying that in typing context
I' the term ¢ is well-typed at 7. A typing context I' F - | I, z : 7 is simply a list
assigning types to free variables, and we assume that the variables in a given
context are unique.

We give operational semantics in terms of a relation ¢ —* v, meaning a term
t evaluates to value v. Values are simply fully reduced closed terms, given by the
grammar v == a | () | A(z : 7).t | (v,v) | in]""v | in}; v, where a stands for any
constant and the remaining symbols are the constructors in the term language.

Note that there is no rule for evaluation under a A-abstraction. This is be-
cause we define equality between function-typed values using extensional equal-
ity: when - F vy,v9 : 7/ — 7, we have v; = vy if and only if, for all values
-Fwv: 7, we have vi v —* wy and va v —* wa s.t. w1 = wo.
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Fig. 3: Typing rules for STLC+.

Fo:T ti = XNz 1)t t[ta/z] =" v
—— EvALVALUE EvaLAPP
v —* v t1to —* v
t1 —* vt —* V2
EvaLPAIR
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# EvaLFsT # EvALSND
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Fig. 4: Operational semantics of STLC+-.
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Fig.5: An equational theory for STLC+-.

A.1 Semantic Equality

We write I' - t; ~; to to mean that t; and t; are semantically equal at type
7 in context I'; we may choose to omit the type for brevity. The operational
semantics above satisfies this equational theory: if I' - ¢; ~, t;, then for all
environments I' - o assigning to each variable in I' a value of the appropriate
type, t1[o] =* v and ta[o] =* vg 8.t v1 = va.

Semantic equality is inductively defined as the reflexive, symmetric, transi-
tive, and congruence closure of the rules shown in Figure

The first rule EQUNIT is simply that the unit type only contains one value.
The rest are familiar 5-n laws for each type, except for EQSSEA, the Strong
Sum Extensionality Axiom [4]. EQSSEA generalises the n law for sum types
(recovered by setting ¢ = ) with the added property that execution contexts
distribute over match terms.
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Example 1. We define the following syntactic sugar:

Bool=1+1

True = inf°°%()

False = inf¢°%()
if t thent) elsety = 0(t, x1.t1, Ta.to)

t1&ty = if t; thents elseFalse
and show that the axioms above derive a : Bool, b : Bool F a&b ~p.01 b&a:

a&b = 6(a, x1.b, 2.in%°1())

= 6(a, £1.6(b, y1.i02°Yy1 | yo.in% o), 22.6(b, y1.in%°M(), y2.1n50°1()))

= 6((1, zl.é(b, yl.iniooj'l’l, yg.in%)01<>), $2.5(b, yl.in];f"lxg, yg.in%ml()))
The first equality is just desugaring, and the second is by two applications of
EQSSEA; one to n-expand the left branch, the other to introduce on the right
branch a match with identical branches. We then apply EQUNIT to re-label the
unit-valued terms, and that allows us to set ¢’ = 6(b, y1.z, y2.in%°!()) and apply

EQSSEA once more to arrive at our result:
§(a, z1.t'[in% zy /z], 2.t [0 20 /2]) = t'[a/ 7]

=4(b, y1.q, yg.in?éml(})
= b&a

B Normal Forms of STLC-+

We begin by presenting the normal forms of STLC+ given by Balat et al. [4].
As noted in their paper, these normal forms are not unique. For example,

if athen (if bthenTrue elseFalse)elseFalse, and
if bthen (if a then True elseFalse)elseFalse.

are both normal forms of a&b. They suggest that fixing an ordering on scrutinees
would give unique normal forms; we present our ordering in Subappendix [B-]]
and show in Subappendix that it does, in fact, give uniqueness.

The grammar of normal forms is given in Figure [6 where the semantics of
the terminal symbols are unchanged; note that this, and that P == M only
at base type, already gives (-long, n-short forms. M are neutral terms, those
where computation is stuck at a free variable, P are pure normal terms, and N
are normal terms. What we call neutral terms are referred to by Balat et al. as
"pure neutral", distinguishing from "impure" neutral terms which can include
match statements. However, with NV as the start symbol, there is no way to reach
an "impure" neutral in the grammar, so we do not need to consider them.

We write I'' -y ¢ @ 7 to denote that ¢ is a neutral term at type 7 in context T',
and similarly for T'Fp ... and T by .... The complete rules for normal forms [4]
Figure 3] are given in Figure m; most are identical to the corresponding typing
rules, with the exception of NFNEUTRAL—which is restricted to base type—and
NFABs* and NFMATCH*.
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Tu=0;|1|T>T|TXT|T+T
M:=x|MP|mM|mM
Pu:=M|{|Xz:7).N|(P,P)|in;t"P|inj'"P
N =P |§(M, z.N, z.N)

Fig. 6: Grammar for normal forms of STLC+ [4].

z:7el 't M:m — 71 I'tp P:m1
——— NF NFA
'tz T VAR I'FvMMP:T PP

't M:m X1 't M:m X2
——— NFFs ———— X X = NFS
FFM 7T1MZT1 T FFM 7T2MZT2 ND

TEe M0 NFNEUTRAL m NFUNIT
Fz:mbn N:7 VO € Guards(N).z € FV(C)

Prp Az :m).N:m1— 71

NFABs*

T'kp P71y Ikp P

NFP
I'kp <P1,P2>:T1 X To AR

LrrPim NFINL LirPim NFINR
Fl—pinL1 2(P):T1+T2 F"Pian 2(P):7'1+’7'2

't P:T

ST T Npp
TrnP:r URE

T'FtvMM:m+7
Vie{1,2}.Tyz; i b Ny i T A
VC € Guards(z;.N;).M # C
T1 ¢ FV(Nl)/\LEQ ¢ FV(NQ) — N; 75]\72

NFM *
F '_N 6(M, iL’l.Nl, Z‘Q.NQ) . T ATCH

{M} U Uie{l,Q} Guards(a:i.Ni) ifN = 5(1\47 1’1.N1, JZQ.NQ)

Guards(N) £
vards(N) {(Z) otherwise

Guards(z;.N;) 2 {C € Guards(N) | z; ¢ FV(O)}.

Fig. 7: Normal form rules for STLC+ [4]. FV (¢) denotes the free variables that
appear in a term t.
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B.1 Ordering of Neutrals

To get unique normal forms, we replace the guard restriction in NFMaATcH*
with a stronger restriction in terms of an ordering on neutral terms, which we
define in this appendix. This also allows us to rephrase the guard restriction in
NFABs* in a similar way.

We write I' - My C Ms to mean that M; is strictly before M; in context
I'. Fixing I" gives us a binary relation I' - —  — on neutral terms, which is
a total ordering. We define an auxiliary total ordering I' F — [, — on pure
normal terms that share the type 7, and give mutually inductive definitions of
the two (Figure . Since we cannot synthesise neutral terms that contain match
terms—a limitation we inherit from MYTH, see the main paper—we omit the
ordering on those here.

We first define some additional notation. I'y < T' denotes that the typing
context I'y is a prefix of I', that is I' = 'y, I's for some I's. T' - ¢ denotes that ¢
is well-defined under I', similar to I - ¢ : 7 but where 7 is irrelevant. I' E tq, t
denotes that ¢; and ¢y are equally defined under I', meaning that for all 'y < T
we have I'y - t; <= I'y F to. My T4 My is a transitive relation between
neutrals based only on the top-level destructor, that is

T CgmtCgmat Cgtt

where x is any variable and each ¢ represents any term.

Both of these relations, with fixed I' and, if applicable, 7, are irreflexive,
antisymmetric, transitive, and total. Additionally, extending a context I" with
a new variable x preserves the ordering on already-definable terms, places all
newly-definable terms above them, and gives = as the least of the newly-definable
terms. Using these properties, we can replace the rules NFABs* and NFMATcH*
with those shown in Figure [J] (changes highlighted), and see that this does not
weaken the preconditions.

B.2 Unique Normal Forms

Balat et al.’s construction gives every term a normal form [4, Theorem 5.1]. With
our described changes, we can show the stronger condition that every term has
a unique normal form; rather than building directly on Balat et al.’s theorem,
we construct our proof by way of Altenkirch et al.’s normal forms [2].

Theorem 1 (Uniqueness of Normal Forms). For every STLC+ term I' b
t : 7, there exists a unique normal term ' Fx N : 7 such that T' -t ~. N.
Therefore, if I' b N1, Ny : 7, then Ny = Ny < T'F Ny ~. Ns.

Proof. Follows from Altenkirch et al.’s results [2] and that their reification func-
tion [2] Definition 3.2], when scrutinees are chosen by our ordering, is an injective
mapping from their normal forms to ours. O

Corollary 1. IfT'Fp P, Py : 7, then P, = P> if and only if T F Py ~. Py. If
'y My, Ms : 7, then My = My if and only if T+ My ~; Ms.
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Fig. 8: Rules for our ordering relations.
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Te:mbNN:T
‘N:é(M,...) — T,z:mbFaC M
Fkp XNz :m).N:m1—> 7

NFABs

't M1 47
Vie{1,2}. T,z : i b Ni : T A
‘Ni:(S(Mi,...) = T,o:mFMC M,
1 ¢FV(N1)/\$2¢FV(N2) — N175N2
I'Fx 6(M, z1.N1, z2.N2) = 7T

NFMATcH

Fig.9: Our modified normal form rules, with our ordering on scrutinees.

C NSynC

Since we do not wish to provide concrete functions to our synthesiser as example
outputs—this would amount to giving the synthesiser the answer—we extend the
definition of values to include partial functions. A partial function -+ f: 7y — 7
relates distinct values of type 7, (the set of which is written dom(f)) to values
of type 7. Extensional equality relates partial functions to each other and to
concrete functions when they agree on all inputs for which both are defined.

The input specification for our synthesis algorithm is a typed example set
X : Ex[I';7], consisting of input-output examples o — v. The input o is an
assignment of values of appropriate type to the variables in I'. The output is a
value - F v : 7 which may only contain partial, not concrete, functions.

We also define neutral constraints ¢ := M C |M C | T, and write T' - ¢(M")
to mean that M’ satisfies ¢ in context I': T' = (M C)(M’) and T + (M C)(M')
expand in the obvious way, and T' - T(M’) is always true. Constraints let us
place lower bounds on term enumeration, and enforce the ordering on neutrals.

C.1 Overview

Normal forms give us a duplication-free search space for synthesis. No two normal
forms have the same semantics, and yet every possible semantics is represented in
some normal form, so any term we could have synthesised without normalisation
has an equivalent that we can synthesise now.

Since our target language is typed and purely functional, the type-directed
synthesis algorithm MYTH [7] is a natural choice for synthesising it. Our synthesis
begins with a top-down, recursive process of generating constructors based on
the goal type and example sets. When we are unable to generate a constructor—
either at base type, or when examples include both left and right injections—
we use an enumerative search to find a neutral term that solves the current
subproblem or a match term that partitions the example set in such a way that
synthesis can progress.
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The algorithm halts when it finds a satisfying term. To prevent it from enu-
merating indefinitely, we also impose a limit on the sizes of neutral terms the
algorithm can produce. An outer loop then iteratively raises that limit until the
top-down search can find a satisfying term, or a time limit is reached.

Our algorithm, with MYTH, is defined in terms of synthesis relations which
govern how the algorithm’s inputs relate to its required output. We present these
relations in Subappendix [C.2] and the algorithm that arises from them in Sub-
appendix [C.3} we also present correctness theorems alongside each formulation.

C.2 Synthesis Relations

The three synthesis relations, corresponding to neutral, pure normal, and normal
terms respectively, are written

[T;7], ¢~ M (M-guess, Figure [10)
X : Ex[[;7] ~p P (P-refine, Figure [11]), and
X Ex[[;7],¢c ~N N (N-refine, Figure ,

and defined by mutual induction. Each relates a specification to the terms of
the appropriate sort that satisfy it, and therefore that we wish the synthesiser
to produce.

The M-guess relation enumerates all neutral terms I -y M : 7 satisfying c;
since neutrals are stuck at free variables, there is no way to use an example set to
narrow down the search, so it is omitted from the relation. P-refinement deduc-
tively synthesises constructors based on the examples and the goal type, e.g. a
goal of product type induces a pair constructor. N-refinement synthesises match
terms, with the constraint applied to the scrutinee, and also allows producing a
pure neutral if no more matches are needed.

The distinction between P- and N-refinement and the boxed sections of the
rules do not appear in the corresponding relations of MYTH.

FEzxzample 2. To illustrate these rules, consider synthesising a term with the se-
mantics a A b, where a and b are Boolean values. We begin with examples

[ True/a, True/b |+ True,
¥ — [ True/a, False/b]+ False,

") [False/a, True/b |+ False,

[False/a, False/b |+ False
with type X : Ex[I"; 7], where I' = @ : Bool,b : Bool and 7 = Bool. To synthesise
a solution, we look for some N such that X : Ex[I'; 7], T ~»n N.

N-refine has two rules: NREFINEPURE and NREFINEMATCH. We cannot
apply NREFINEPURE, since there are no rules for P-refine that apply to our
example set; the goal type only fits PREFINEINL and PREFINEINR, and our
example outputs contain a mixture of left and right injections. To apply NRE-
FINEMATCH, we search for neutral terms of sum type satisfying our constraint
(which is currently T); there are two such terms, a and b.
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z:7€eTl Ik c(z)

5 7], [e] ~m @

MGUESSVAR

[F;T’HT], ~um Mo 0 Ex[D; 7] ~p P T'Ece(MP)

MGUESSA
[F;T],wM WP UE PP
[F;TXT'},WMM L'k e(mM)
MGUESSFsT
[T 7], [c] ~m maM
;7" x T], ~v M 'k c(maM)
MGUESSSND

[T 7],[ ¢] ~m w2 M

Fig. 10: Enumeration rules for M-guess.

Say we choose a. We then define the two new example sets, X; and X5:

_ [ [True/a, True/b ()/x1]+> True,
X1 = { [ True/a, False/b ()/z1 ] — False}

[ [False/a, True/b ()/x2 ]+ False,
X2 = { [False/a, False/b <)/xz | — False }

Neither is empty, so we try to synthesise branches. Starting with the left branch,
we want Ny s.t. X7 : Ex[I', 21 : 1;Bool], (@ C) ~»n Ni. Our example outputs
contain both left and right injections, so all we have is NREFINEMATCH; the
only scrutinee we can guess is b, since I' I/ (a ) (a). We split the examples:

X11 = {[True/a, True/b, () /x1, () /x11] — True}
Xi12 = {[True/a,False/b, ()/x1, () /x12] — False}.

Again, neither is empty: we recurse to the left branch. The only example has a
left injection as output, so we apply NREFINEPURE using PREFINEINL. That
gives us a new example set {[True/a, True/b, ()/x1,()/x11] — ()} with a goal
type of 1, so we use PREFINEUNIT to synthesise (). Backtracking and doing the
same for the right branch with Xi2, we get N7 = §(b, xn.in?l(), z12.in}%+1<>)
or, sugared, N1 = if bthen True elseFalse.

On the other branch, we see that we can immediately apply NREFINEPURE
through PREFINEINR, and get Ny = inj;"' (). We could not have applied NRE-
FINEMATCH here, since we can only enumerate M = b and find Ny; = Noy =
inj;t(), breaking the last precondition of NREFINEMATCH.

Backtracking again gives us the full solution,

N = if athen (if bthenTrue elseFalse)elseFalse.
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X Bx ] —r ) PREFINEUNIT

X1 2 {(c-[v/z])— f(v)|o— fe X, vedom(f)}
X, :Ex[P,x:Tl;T],m ~n N

PR A
X :Ex[Iy71 = 7] ~p Az :11).N EFINEABS
{o—= v o (v1,v2) € X}: Ex[[;71] ~p P
{o = v2 |0+ (v1,v2) € X} : EX[['; 72] ~p P2 PR p
X Ex[T;71 X 12] ~p (P1, Po) BRINETAIR
o — in;lﬁmv eX
> +in] T2y € X} Ex[I P
o= vlorm in Y b Ex] :Tﬂ P PREFINEINL
X : Ex[I; 71 4 72] ~p inzl+QP
fo — inzﬁ'mv exX
— — in2 T2y € X} : Ex[T; 7o) ~p P
lomvlo—ing ™y } TXL 2] P PREFINEINR
X : Ex[I'; 71 + 72] ~p ing "2 P
Fig. 11: Refinement rules for P-refine.
X : Ex[[;7] ~p P
NR P
X : Ex[[;7],¢ ~n P BRINEEURE
[Ts 71 4 72),[c] ~u M
X1 2 {o-[W/r1] = v|o—veE X, Mlo] =" in]' T2 (¢)}
Xo 2 {0 [V /2] = v|o v e X, Mo] =" in} T2 (v)}
Vie{1,2}. X; Z0A X, : Ex[D, 2 : 7457],| (M C) |~~~ N;
[21 ¢ FV(N:) Azz ¢ FV(N2) = Ni# Ns | N
INEMATCH
X Ex[T;7],[¢c] ~N 6(M, x1.N1, x2.No) AT

Fig. 12: Refinement rules for N-refine.
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Correctness. We show that the synthesis relations are sound (Theorem ,
in the sense that they only synthesise terms satisfying the example set, and
semantically optimal (Theorem , meaning only semantically distinct terms
can be synthesised.

Unfortunately, our algorithm is not complete. We inherit from MYTH the
requirement when synthesising match terms that the subset of examples going
to each branch be non-empty. This requirement prevents synthesising arbitrary
match terms that do not further the synthesis goal and ensures termination when
the goal can be satisfied, but comes at the cost of blocking certain terms: since
M-guessing doesn’t propagate examples, NSYNC can’t enumerate neutrals that
contain matches as subterms. Since by the grammar such a neutral must be
or contain an application term, we call them terms with branching arguments.
Theorem [] shows that our synthesis relations are complete for terms without
branching arguments.

MYTH can also synthesise all of the normal forms that NSYNC can, with the
same restriction on branching arguments. Therefore, as long as normalisation
does not introduce branching arguments—we believe that this holds, though the
proof requires reasoning about the normalisation procedure itself—restricting
our synthesis to normal terms does not reduce completeness.

Theorem 2 (Soundness). If X : Ex[[;7], T ~»n N then N satisfies X, that
is for allo — v € X, N[o] =" v.

Proof. In PREFINENEUTRAL, satisfaction of the example set is checked explic-
itly, and for PREFINEUNIT it is trivial; that the other refinement rules are sound
follows by induction. O

Theorem 3 (Semantic Optimality). If X : Ex[[;7],¢ ~nx Ny and X :
Ex[T'; 7], ¢ ~N Na, then T' = Ny ~. Ns if and only if Ny = Na, and similarly for
X : EX[[; 7] ~p Pr, Py and [T57], ¢~y My, Ms.

Proof. The synthesis relations erase to the normal form rules (Subappendix ,
so the terms produced by N-refine are normal (by P-refine are pure normal, and
by M-guess are neutral), then by Theorem [I| (and its corollary). O

To prove bounded completeness for N-refine, we first need to show bounded
completeness for M-guessing via the following lemma.

Lemma 1. For any neutral term I' by M @ 7 with no branching arguments,
and any constraint ¢ s.t. T'F c(M), [I';7], ¢ ~>m M.

Proof. All four M-guess rules check the constraint explicitly rather than propa-
gating it, so we can ignore the constraint in the rest of the proof and check that
'y M7 implies [T 7], T ~»y M where M has no branching arguments. This
is just induction on the structure of M, with the observation that having an
empty example set and no match terms renders the synthesis and normalisation
rules almost identical. O
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Theorem 4 (Bounded Completeness). For any term ' F ¢ : 7 whose normal
form N has no branching arguments, there is at least one example set X s.t.

X :Ex[[;7], T ~»n N.

Proof sketch. We borrow from Altenkirch et al. [2] the notion of a neutral con-
strained environment I'|Z, which gives a context I" a set = of constraints of the
form M = in21+72x1 or M = ing+7"‘x2, where 'y M : i +m and z; : 7; € T.

We can recurse on the structure of N to find a neutral constrained environ-
ment for each branch. f T'|Z + §(M, x1.N1, x2.Ns), then we get T, z1 : 7|2, M =
inzﬁﬁxl F Ny and T ag 0 |2, M = inEJrszQ F N5. Other term-level sym-
bols may duplicate the environment into branches (pairs) or add to the typing
context (abstractions) as usual, but do not modify =.

Once each branch’s neutral constrained environment has been found, we con-
struct assignments ¢ to variables in each I' that satisfy =, that is where for each
M = in}'t™z; € Z we have M[o] —* in]'*™(z;[0]). By Theorem 1} all non-
identical M terms are semantically distinct, and as a consequence of NFMATCH
we will not see identical M terms in the same =, so all = are satisfiable.

We now have a set of assignments o for each branch; the rest of the con-
struction of X, where each input is a restriction of some ¢ to just the vari-
ables in the starting context, follows by reversing the refinement rules. That
X : Ex[[; 7], T ~»n N is by induction on the structure of N, using the fact that
every branch has at least one example in X (by our construction) and that every
neutral term can be enumerated (by the lemma). O

C.3 Synthesis Algorithm

The algorithm is simply to exhaustively apply the synthesis relations until a
solution emerges, or there are no more rules to apply.

Since there are contexts in which M-guessing could relate one input to in-
finitely many terms, meaning our algorithm would get stuck enumerating them,
we bound the size of neutral terms that our synthesiser can produce: n); bounds
the neutrals of base type, and ngs the neutrals of sum type. With such a limit,
synthesis terminates; we then iteratively increase that size limit until a solution
is found or a time limit is reached. We also provide a match depth parameter
d, with the idea of preventing NSYNC from over-specialising its output to the
example set by producing too many branches. Since these parameters bound the
search space, we also allow the user to specify a procedure for increasing them,
so that synthesis attempts can continue until the parameters are large enough
for a solution to be found.

The main function of NSYNC, shown in Algorithm [1| is just a wrapper
around NRefine to handle the parameter search. The mutually recursive func-
tions NRefine and PRefine (Algorithmsand respectively) are the key com-
ponents of NSYNC, and implement the N-refine and P-refine relations. NRe-
fine tries to apply NREFINEPURE first, and falls back on NRefineMatch if
that fails; PRefine attempts to apply whichever of the P-refinement rules ap-
plies to the input based on its goal type. Both functions return Fail if no term
could be synthesised within the size bounds.
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Algorithm 1: NSynC(X : Ex[I'; 7], (nar, ns, d), step)

Data: Example set X : Ex[I'; 7], search parameters nas, ns,d € N, search
parameter increment procedure step : N> — N3
Result: A normal term N with no branching arguments which satisfies X.

1 N + NRefine(X : Ex[['; 7]; T; (nam, ns, d));

2 while N =Fail do

3 nar, ns, d < step(na, ns, d);

4 N + NRefine(X : Ex[I'; 7]; T; (nm, ns, d));
5 end

6 return N,

Algorithm 2: NRefine(X : Ex[I'; 7]; ¢; (nar, ns, d))

Data: Example set X : Ex[['; 7], constraint ¢, search parameters nar,ns,d € N
Result: A term N with no branching arguments s.t. X : Ex[I'; 7],c ~x N, or
Fail if no N exists within the search parameters.
1 P <+ PRefine(X : Ex[['; 7]; (nar, ns, d));
2 if P # Fail then return P;
3 else if d > 1 then

4 while M < MGuessSum(T';c;ns) do

5 c+ (M D),

6 71 + T2 < type(M);

7 X1+ {o-[/x1] = v|o—veE X, Mo] =" in]' T2 (v))};

8 Xo {0 [V /xa] = v|o v € X, Mo] =" in} T2 (v))};

9 if X; =0V X> =0 then continue;

10 N1 + NRefine(X; : Ex[I',z1 : 71;7]; (M ©); (nm, ns;d — 1));
11 if N1 = Fail then continue;
12 if 1 ¢ FV(N1) AVo — v € X. Ni[o] =" v then return Ny;
13 Ny «+ NRefine(Xs : Ex[I', 22 : 72;7]; (M C); (nm,ns; d — 1));
14 if N» = Fail then continue;
15 return 6(M, z1.N1, x2.N2);
16 end
17 end

18 return Fail;
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Algorithm 3: PRrefine(X : Ex[['; 7|; (nar, ns, d))

Data: Example set X : Ex[I'; 7], search parameters nar, ns,d € N
Result: A term P with no branching arguments s.t. X : Ex[['; 7] ~>p P, or
Fail if no P exists within the search parameters.

1 match 7 with
2 case 6; do
3 c+T;
4 while M < MGuessBase(I';0;;c;na) do
5 if Vo — v € X. M[o] =" v then return M;
6 c+— (M)
7 end
8 return Fail;
9 case 1 do return ();
10 case 11 — 72 do
11 X' —{(o-v/z]) = f(v)| o~ fe X, vedom(f)};
12 N + NRefine(X' : Ex[[, z : 71; 72]; (z ©); (nm, ns, d));
13 if N =Fail then return Fail,
14 return \(z : 71).N;
15 case 11 X T2 do
16 P, + PRefine({o — v1 | 0 — (vi,v2) € X} : Ex[I'; 11]; (nnr, ns, d));
17 if P, = Fail then return Fail;
18 P, + PRefine({o — vz | 0 — (v1,v2) € X} : Ex[I'; 72]; (nar, ns, d));
19 if P, = Fail then return Fail;
20 return (P, P,)
21 case 11 + 12 do
22 if fo +— injv € X then
23 P + PRefine({oc — v | o — in} (v) € X} : Ex[[; 715 (nar, ms, d);
24 if P = Fail then return Fail;
25 return inj (P);
26 else if fio — infv € X then
27 P + PRefine({oc — v | o — ink(v) € X} : Ex[[; 2)]; (nar, ns, d);
28 if P = Fail then return Fail;
29 return ing(P);
30 else
31 ‘ return Fail;
32 end
33 end

34 end
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Both of these algorithms call enumeration functions which implement M-
guessing; MGuessSum and MGuessBase, respectively. Both are wrappers
around a successor function S(I', M, 9. n M), which gives the least neutral term
M’ with no branching arguments s.t. T' by M’ : 70, T' - M = M’, and the
size of M’ is at most nps (or Fail if there is no such term). 7¢ here is a type
template; for example, 6; x { represents any product type with 6; as the first
element, and we enumerate neutrals of this type template to get I' - 71 M : 6;.
The full definition of the successor function is omitted for space; it follows from
the definition of the ordering relation and the M-guessing rules. The definition
of MGuessSum is

MGuessSum(T; (M C);ns) = S(T, M, O + O, ng)

M ifr-M:0+90
MGuessSum(T; (M C);ns) 2 Nsize(M) < ns
ST, M, + O,ns) otherwise
MGuessSum(T; T;ns) £ MGuessSum(I'; (2o C); ng),

where in the last case zg refers to the first variable in I', and MGuessSum
returns Fail if I' is empty. M GuessBase is definied similarly, but searches for
a concrete type 6; instead of ¢ + 0.

Correctness. As NSYNC is a faithful implementation of the synthesis relations,
we get identical correctness guarantees as long as the parameter search is well-
behaved:

Theorem 5 (Correctness of NSYNC). Assume step and nyr,ng,d are such
that iterating step on nas,ns,d tends all three to infinity. Then:

1. Soundness. If NSynC(X : Ex[['; 7], (nar, ns, d), step) = N, then N satis-
fies X.

2. Semantic Optimality. If any function of NSynC enumerates a term, it
does not enumerate the same term except as part of a different function call.

3. Bounded Completeness. If there are any I' by N : 7 with no branching
arguments that satisfy X, then there is one s.t.

NSynC(X : Ex[T; 7], (nar,ns, d), step) = N

Proof sketch. We assume (since we omit its definition) correctness of the succes-
sor function and take correctness of MGuessSum and MGuessBase as base
cases for our induction. In each case, we can easily check that the manipulation
of the neutral constraint is correct; x¢ C is equivalent to T because xg is the least
neutral term (a free variable by ORDOP, and the first by ORDCTX), and the rest
are trivial. This lets us show that iterating M GuessSum and M GuessBase is
equivalent to enumerating the right-hand side of the M-guess relation, subject
to the size limit.
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We can show by induction that every time NRefine or PRefine returns a
term, this term satisfies the corresponding relation; M GuessBase and the unit
type case give us base cases for PRefine. Soundness follows from Theorem [2]
Semantic optimality requires the extra observation that the only terms consid-
ered by any function are those returned by recursive calls, and then follows from
Theorem [3

We can also show by induction that any derivation of X : Ex[I'; 7], T ~»n N
corresponds to a trace of NSYNC, provided the search parameters are large
enough, unless NSYNC returns some other term N’ first, and in that case sound-
ness implies that X : Ex[T'; 7], T ~»n N’ regardless. Bounded completeness fol-
lows from Theorem @ O

D Evaluation

We implement NSYNC—and re-implement MYTH for comparison—in Haskell
with GHC 9.6.7. We conduct our experiments on a 10-core 2.80 GHz Intel i9-
10900 with 128GB of RAM, running Ubuntu 22.04.

We generate synthetic benchmarks by randomly generating, in order, a typing
context, a goal type inhabitable in that context, a term of that type, and a set
of examples for that term. For our preliminary tests, we use four base types,
each of which has up to ten distinct values, and produce a typing context of six
variables. Each type in the context has a maximum depth of four, and the goal
type has a maximum depth of six; we also restrict the goal type to only include
the base types that appear in the typing context, otherwise the goal type will be
uninhabitable. Our synthesised terms have a maximum neutral size of 10, and a
maximum match depth of 5. For each term, we produce 20 examples, and values
that are partial functions are generated with six input-output pairs.

Under these parameters, we attempted to generate 200 benchmarks, of which
166 were generated successfully. On the other 32, our generator timed out before
finding a term that inhabited the goal type. MYTH*, our re-implementation, was
able to solve 141 of the benchmarks, and NSYNC solved 104.

We use Haskell’s criterion package to time MyYTH* and NSYNC on each
benchmark, with a time limit of 60 seconds for each run. Additionally, we com-
pute the total number of scrutinees enumerated by each algorithm in solving
each benchmark. By measuring scrutinees, we can see the number of match
terms checked by each algorithm, which we expect to be the majority of the
work that NSYNC eliminates.

Results are presented in the main paper.
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